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1 Introduction

Gradient flows arise in the context of minimization (or maximization) of a function F : X — R on some space
X. The name “gradient flow” suggests that the object of interest is a curve (z¢);cp,1] in X parametrized
by time ¢, which flows along the direction of (the negative of) the gradient of F' i.e. the steepest descent
direction. Gradient flows are widely understood in the case of X = R? for some d. Suppose f : R? — R
is an objective function and x¢ be an initial point. Then the gradient flow, (X¢)¢c[o,1], is described by the

following partial differential equation:
ﬁtXt = 7Vf(Xt) vt 2 0, X() = Xg. (1)

The curve (X;) flows towards a valley of the hypersurface {(x, f(z)) : * € X} and converges at least to a
local minimum. The popular gradient descent algorithms can be considered as discretized gradient flows.
The theory of gradient flows can be developed in a broader context where the underlying space X is a metric
space, which is not necessarily a vector space, when some additional tools for calculation are available. Otto
calculus is such a tool for gradient flows in Wasserstein spaces, namely Wasserstein gradient flows.

An interesting and illustrative example to which Wasserstein gradient flow is applied is Gaussian vari-
ational inference (VI). Given a target distribution 7 on R? Gaussian VI aims to estimate a Gaussian
distribution ¢ that is closest to 7 under Kullback-Leibler divergence. Let us denote by BW(RY) the Bures-
Wasserstein space, which is the collection of all non-degenerate Gaussian distributions on R? (equipped with

2-Wasserstein distance). Gaussian VI is formulated as follows.

q¢* = argmin KL(q||m). (2)
g€BW(R4)

A popular approach to this problem is using Evidence Lower Bound (ELBO) as a surrogate for KL divergence,
which has a simpler form and is easier to optimize. Wasserstein gradient flow offers an alternative, direct
approach to this problem. It turns out that KL divergence is geodesically convex in its first argument for

proper choice of the target distribution 7, hence exponential convergence rate is guaranteed.
This report consists of three chapters. First, we review a general theory of Wasserstein gradient flows.
A key ingredient to this is the continuity equation; it defines tangent spaces of Wasserstein spaces on which
gradient vectors for Wasserstein spaces are defined. Next, we study geodesic convexity of KL divergence
and arrive at exponential convergence rate of the gradient flow. The report concludes with an application

to Gaussian variational inference with explicit expressions for the flow ().



For clarity of arguments, in this report, we restrict our discussion to Wg’ac(Rd), the space of probability
measures on R? that are absolutely continuous w.r.t. the Lebesgue measure equipped with the Wasserstein
2-distance. We remark that the theory of Wasserstein gradient flows exists for larger classes W,(R%),1 <
p < oo.

2 The Continuity Equation

The first step for doing a calculus on Wasserstein spaces is to define a tangent vector of a curve  in Wg,ac(Rd)
at each t € (0,1). Literatures have revealed that the continuity equation, which we describe in this section,
gives a useful notion of tangent vectors of curves in Wa 4.(R?).

The continuity equations comes from considering a distribution of tiny particles each of which follows a

given time-varying velocity vector field
(vg R — Rd)te[0,1]~

A particle that was located at x( at time ¢ = 0 moves according to the following partial differential equation.

Ty = i:zzt = v(xy). (3)

dt

More generally, if we denote by X;(z) the location at time ¢ of a particle which was located at x at time
t = 0, its dynamics is written as

X; = ve(Xy). (4)

Now given that the distribution of the particles at t = 0 was u, we are interested in the distribution p; of

particles at each time t € [0,1]. The curve (u;) is described as the following set of equations.
e = (X)) pp, Xi=uv(X;), Xo(z)==x for tel0,1]. (5)

A curve py that evolves as in (5) can be directly described using v; and not introducing the solution
X;. Consider a compactly supported, infinitely differentiable function ¢ € C°(R%;R). This function is nice
enough so that one can handily exchange differentiations and integrals. In particular,

/w(x)@t,ut(x)da? = 0 (/ @(m)udx)da:)

== atEZw;u, QD(Z)
= 0z up(Xi(2))

=0, [ eXi(a)n(w)ds

= [ (VelXi(a)) X))o

— [ (VelXi(a)). v(Xu(o) )
— [ (Veota), (@)l

— [ elapdiviunn) @)z,



where the last equality follows the divergence theorem. Since the equality holds for any choice of ¢, we get
at/lt + diV(/J,t'Ut) =0. (6)

We say a pair (i, v¢) solves the continuity equation if they satisfy (6) on R

We have seen that a family of vector fields v; generates a curve p; in Wo 4.(R9) from a initial measure
. Next question is if we can recover vy from p;. The answer is for an absolutely continuous curve p; in
W3 ac(RY) (in the general notion of absolute continuity of curves in metric spaces), there exists a family of
vector fields v; that generates muy, but such a family is not necessarily unique. Among those families, we

choose the one with the minimum magnitude. Let us measure the magnitude of a vector field using pu; as

HthLz(,u)'

Theorem 2.1. Let u; be an absolutely continuous curve in WQ@C(Rd). There exists a unique vector field vy
such that

(i) (e, ve)eefo,1) solves the continuity equation, and

(ii) for any other family wy of vector fields such that (pus,w;) solves the continuity equation, ||v¢l|z2(,,) <
|well L2 () for all t €10, 1].

We define v; the tangent vector of u; at t.

Why we define the vector field as a tangent vector, and why we measure its magnitude in the L%(u;)
space? The following theorem states that the Wasserstein distance is recovered from the integral of velocity of
the curves connecting two points. In this way, the tangent vectors is really compatible with the Wasserstein

metric.

Theorem 2.2 (Benamou-Brenier). For u,v € Wy(R%),
1
W3 (p,v) = inf {/ 0132y A = Brpre + div(ppve) = 0, po = p, 1 = V} :
0

3 Tangent Space of W ,.(R?)

Next we study the tangent space T#WQ,M(R‘I) in more detail. The previous theorem suggests that the
tangent vectors at p are elements of L?(u). We will define the tangent space at p as a subset of L?(u), which
contains all tangent vectors that arise from the continuity equation, which is also a closed linear subspace

of L?(u). We can explicitly find tangent vectors at p from any curves y; from the following theorem.

Theorem 3.1 (Ambrosio et al., 2008, Theorem 8.4.6). Let y1; be an absolutely continuous curve in Wa qc(R?)
and (pt,vt) solves the continuity equation. Then,

T —id
Zwempegn — WL L2 (). (7)

vy = lim
h—0+ h

To motivate the definition of the tangent space, we restrict our attention to the curves of the a special

form. Let v be another measure and 7},_,, be the optimal transport map from p to v. Define a curve

e = ((1—t)x +tT(x))pp, tel0,1].



Then by Brenier’s theorem, for any h € (0, 1), the optimal transport map from pg to p; is given by
Tho—pn, (z) = (1= h)z+ hT(z).

Therefore,
o Ty @)= (=R +hT(x) -z
T L h Sreme

Again, by Brenier’s map, T'(z) = Vp(z) for some convex function ¢. It can be shown that tangent vectors
from non-geodesic curves are approximated by tangent vectors of geodesic curves. This leads to the following

definition.

Definition 3.2. The tangent space of Wa q.(R?) at u is defined as the following space.

T Woae(RY) = {X(Vp(z) — ) : ¢ is conver, X € R}L "),

In particular, the tangent space is a closed linear subspace of L?(u), and hence is a Hilbert space.

Below is a more handy representation of the tangent space.

Theorem 3.3 (Ambrosio et al., 2008, Theorem 8.5.1). The following two sets are the same.

{AMVep—id) : ¢ : R® — R? is conver, A > O}L W _ {Vp:pe CgO(Rd)}L ).

4 Wasserstein Gradient

Wasserstein gradient is defined by borrowing an idea from the gradient of a functional f : R* — R. For the
Euclidean space RY, the tangent space at any point 2 € R? is R? itself. A characterization of the gradient
vector Vf(z) is a (tangent) vector in T,R? = R? such that, for any other vector v € T,R? = R%, the

directional derivative w.r.t. v is given as the inner product of v and V f(x):

Vof(z) = (Vf(z),v).

This characterization is generalized as follows. If (ct)e[0,1] is @ curve in R?, then the derivative of f along

the curve c is given by
Ocf(et) = (Vf(er), ér)
where ¢ = 0y is the speed vector of ¢ at time .

Definition 4.1. Let F : W .(R?) — R? be a function. The Wasserstein gradient of F at i € Wa 4.(R?) is
a vector VF(u) in T, W2, qc(R?) such that

a15|15:OF‘(,U/1‘,) = <VF([L),U0>L2(“)

for any curve u; in Wg’ac(Rd) and its tangent vector field vy such that py = p.
Wasserstein gradient of a function F' can conveniently calculated by first variation of F.

Definition 4.2. Let F : Wa 4.(R?) — R and p € Wa 4(RY). The first variation of F at p is a function

SF(u) : RY — R such that
i L) = Fu) _

e—0 €

[orta



for all measure x such that p+ ex € Wa 4.(R?) for all sufficiently small e.

It can be shown that if the first variation exists, we have a generalized identity. For a curve p; in
W2 ac(R?), using the idea of pyye & py + €9yput, it holds that

O F (1) = / SF (10)Oupe. (8)

This equation leads to the following proposition.

Proposition 4.3. Let F': Wg,ac(Rd) =R and p € WgﬁaC(Rd). Then,
VF(n) = VF ().

Proof. Let (ug,v¢) be any pair that solves the continuity equation.

(VE (), UO>L2(;¢) = 6t|t:0F(Mt)

= /5F(Ht)8tﬂt|t=o
= */5F(‘U,t)diV([,Lt"Ut)dSC‘t:o

_ / (VSF (1e), peve)del o

= (VOF (1), v0>L2(,L)~

O

The following examples will be useful for computing Wasserstein gradient of KL divergence K L(-||7) for

some fixed 7 in a later section.

Example 4.4. Let the functional is given in the form F(u) = [ Vdu for some function V : R? - R. Then
O F (i) = [ VO, and by (8), 6F () =V (constant over time). Therefore, VF(u) = VOF (u) = VV.

Example 4.5. Let F(u) = [U(u(x))dz for some function U : Ry — R. For example, the entropy functional
U(z) = zlogz. Then, O, F(pi) = [ U’ (p1e)0epue, and by (8), 6F(p) = U’ op. Therefore, WF(p) = VOF (u) =
Vlog u.

Finally, a Wasserstein gradient flow of a functional F' is a curve p; in Wg,ac(Rd) whose tangent vector is

the negative of the Wasserstein gradient of F' at u; at each time ¢. Precisely,

Definition 4.6 (Wasserstein gradient flow). A Wasserstein gradient flow of a functional F : Wy 4.(R?) — R
is a curve (t)e>o0 in Wa.ae(RY) that solves the PDE

Ope = div(p VF (pe)).

5 Bures-Wasserstein Gradient

Definition 5.1. The Bures-Wasserstein space BW(RY) is the space of non-degenerate Gaussians on R?,

equipped with the Wasserstein metric.



The purpose of this section is to characterize the Wasserstein gradient flow when restricted to this
Gaussian submanifold. This formulation plays a central role in Gaussian variational inference (GVI), which
we will introduce in Chapter 7. To develop a theory of gradient flows in Bures-Wasserstein space BW(R?),
we need conditions for vector fields v; that ensures the evolution of a non-degenerate Gaussian distribution
u along v; remains a non-degenerate Gaussian distribution.

In the class, we showed that the (unique) optimal transport map between two non-degenerate Gaussian
distributions is a non-degenerate affine map. More precisely, the optimal transport map can be expressed as
follows (Chewi et al., 2024, Example 1.19).

Fact 5.2. The unique optimal transport map from N(mq,%1) to N(me, Xs), where X1, Xy are non-singular,

is given as follows.

1/2
T(z) = 7'/ (2}/22221/2) STY2 (2 —my) + mo.

According to Theorem 3.1, the tangent space of BW(RY) is defined as
T,BW(R?) = {z— Az+a:Ac S a € Rd} .

Here A is assumed to be symmetric to avoid having multiple tangent vectors that define equivalent transports.
Now the Bures-Wasserstein gradient V gy F' is defined similarly as in Theorem 3.1, but restricted to the

Bures-Wasserstein tangent space.

Definition 5.3. The Bures-Wasserstein gradient at ju is defined as a vector ¥V pw F(u) in T,BW(R?) such
that

Otle=0F' (1) = (Vew F'(1),v0) L2 (1)
for any curve p; in BW(RY) such that g = p and its tangent vector field vs.

Although we can compute BW gradient from scratch as in the previous section, a more convenient
approach is to leverage the equation VF(u) = VIF (). It holds that

(Vew (1), v0) 12 (1) = Otlt=oF' (1e) = (VE (1), v0) £2(y = (VOF (1), v0) L2 () 9)

for all vy € T,BW(R?). The affine map Vgw F(u) that satisfies (9) for all vy € T,BW(R?) is given by the

following form.

Proposition 5.4. Let F : Wy 4.(R?) — R be a functional and p ~ N(m,X) € BW(R?). The Bures-
Wasserstein gradient of F at u € BW(R?) is the map

T </ V25F(u)d,u> (x —m) + /VéF(u)d,u.
Sketch of proof. Recall that
(v whiag = [ {ola), w@) () = Exep(o(X), (X)),
With the above notations, one finds parameters A € S, a € R? for

VewF(p) = A(-—m) +a



such that

E(A(X —m)+a, A(X —m)+a) = E(VOF(u)(X),AX —m) +a) (10)

for any A € S%,a € R

E(A(X —m), AX —m)) =E (AX —m))" AX —m)

=E (tr (A(X —m)(X — m)TAT))

tr (AEAT)
= (A, 2 A).
In the last equality, we use brackets for inner product of matrices,
(A,B) = AyBi; =tr(ATB) = tr(ABT).
i,

Hence
(LHS of (10)) = (4,2 A) + (a,a). (11)

Some calculus (see Chewi et al., 2024, Theorem 5.21 for detailed calculation) shows that

(RHS of (10)) = < / v25F(u)du,2A> + < / VdF(u)d,u,a>. (12)

Setting (11) equals to (12) gives the proposition. O

Finally, we briefly discuss the convexity of the BW space. Since Gaussian measures are closed under
Wasserstein geodesics with the optimal transport map between any po, 1 € BW(R?) being affine, the
geodesic between any two elements in BW(R?) remains in BW(R?). This immediately implies the following

convexity result.

Proposition 5.5. BW(RY) C W3 ,.(R%) is geodesically convex.

6 Convergence Rate of Gradient Flows and Geodesic Convexity of KL divergence

This section studies (i) the convergence rate of gradient flows and (ii) the geodesic convexity of the KL
divergence over the Wasserstein space.

As discussed in Section 4, the Wasserstein gradient flow of a functional F' over WQ,GC(Rd) is a curve of
measures (f;)¢>0 whose tangent vector at time ¢ is given by v, = —WF(u;). This vector field governs the
evolution of (u);>o through the continuity equation. Based on Definition 4.1, the time derivative of the

functional along the flow satisfies

OcF (j) = (VF (pe),00), = — [ VE (o)1, - (13)

Before we proceed, let us equip ourselves with some definitions and properties from Riemannian geometry.

Definition 6.1. C C M is geodesically convex if for all po,p1 € C, all geodesics joining po to p1 also lie in
C.



Definition 6.2. Given o € R and a manifold M, a function f: M — R is called a-geodesically convex if

1) < (= 0)0) + 170) ~ Do), e 0,1]

for all geodesics (pt)iefo,1]-
Proposition 6.3. The following are equivalent for a function f : M — R:
1. f is a-geodesically convex.

2. (First order condition) For all p,q € M,

1(@) = [V (D), log, (@) + 5 (b, a). (14)

where V f, the Riemannian gradient, defined so that for all curves (pi)i>0, Vf(pe) € Tp, M, satisfies
Ocf(pe) = (Vf(pe), ) p,-

3. (Second-order condition) For allp € M, v € T,M,
V2 f(p)[v,v] = allv]}, (15)
where V2 f is the Riemannian Hessian, defined as V2 f(p)[v,v] := 8t2f(pt)|t:0, with (pt)iejo,1) being
the geodesic satisfying po = p and py = v.

The derivation of the convergence rate for gradient flows primarily relies on Gronwall’s inequality stated

below:

Lemma 6.4 (Gronwall’s inequality). Let ¢ € R. Let ¢ : [0,T] — R be differentiable, satisfying ¢(t) < co(t)
for allt €10,T]. Then,
o(t) < ¢(0) exp(ct) Vt € [0,T].

Proof. Let g(t) = exp(—ct)¢(t). By the assumption,
Dug(t) = exp(—ct)[—c(t) + d(B)] < 0.

Thus, g(t) = exp(=ct)d(t) < g(0) = ¢(0). 0

Note that if the inequality in Lemma 6.4 were an equality, the solution would be ¢(t) = ¢(0) exp(ct). In
general, the lemma tells us that the solution to a differential inequality is bounded by the solution to the
corresponding differential equation. In our context, a differential inequality of this form can be introduced

as the PL inequality condition.

Definition 6.5 (Polyak-Lojasiewicz (PL) inequality). We say that F : WS — R satisfies a PL inequality
with constant alpha > 0 if for all p € Wy 4.(R%),

INVF()I2 > 20(F(u) - inf F).
Combining the PL inequality with the identity in (13) yields

O (F () — inf F) < —2a(F () — inf F),



which can be rewritten as a differential inequality ¢(t) < —2a¢(t), with ¢(t) := F(u;)—inf F. By Lemma 6.4,
this implies exponential convergence of the functional values along the gradient flow. Finally, since F' being
a-geodesically convex implies that it satisfies the PL inequality with a, Corollary 6.6 obtain the exponential

convergence rate.

Corollary 6.6. Let F': W27aC(Rd) — R be a-geodesically convex. Then, along the Wasserstein gradient flow
(pt)e>o for F, it holds
F(u) —inf F < e ?*(F(uo) — inf F).

Next, we introduce the Variational Inference (VI) problem and discuss the geodesic convexity of its
objective. Before focusing on the Gaussian VI in Section 7, we proceed with the general VI formulation: the
goal is to approximate a certain probability measure 7 with an element of a simpler class @ of probability

measures by solving the optimization problem:
q¢* = argmin KL(q||7). (16)
q€Q

Our goal here is to show the geodesic convexity of the KL divergence. We assume that 7 admits a density
of the form 7 oc exp(—V), where V : R? — R is referred to as the potential function. The corresponding

objective functional becomes:

F(p) :=KL(p|jr) = /ulog% :/Vdu—i—/ulogu—&—const. (17)
—_—
=V(n) =H(p)

Recall to the Example 4.4 and 4.5, we have WV(u) = VV and VH(u) = Vlogu, and thus VF(u) =
Viegp+ VV = Viog(u/n).
We can consider the convexity of two functionals V and H introduced in (17) separately. Specifically,

Theorem 6.7 states the convexity of V, while Theorem 6.8 states the convexity of .

Theorem 6.7. Suppose V : R — R is a-convex on R%. Then, V(i) := [ Vdp is a-geodesically convex on
Wa ae(RY).

Proof. We will use the second-order condition of (15). Let X; ~ p; for ¢t € [0,1], where (u¢)icfo,) is a
Wasserstein geodesic. Then, X; = (1 — )Xy + tT(Xo) and X, = T(Xo) — Xo, where T is the optimal

transport map from pg to pi;. We compute

V2V (uo)[T —id, T — id] = 9}V (wy)|,_, = OZEV(Xy)|,_,

—E(X, V2V(X,)X,)

= E(T(Xo) — Xo, V?V(Xo) (T(Xo) — X))
> aE || T(Xo) — Xol®

12
=T —idl[,,

where we used the assumption V2V = al. O

Theorem 6.8. The entropic functional H(u) := [ plogu is geodesically convex on Wa qc(R?).



Proof. Let (p1¢)¢cjo,1] be a Wasserstein geodesic and let T} := (1 —t)id +t T, so that p; = (Ty)#po. Then,

H(w) = /(1ogut) dpy = /1og(ut o Ty) dpo = /bg (de‘;u%Tt) o

= H(po) — /log det VTi duo,

where the third equality holds from the change of variable.
Note that —logdet is convex over the positive definite cone, and ¢ — VT; is affine. Therefore, the

composition ¢t — — log det VT} is convex. Thus, t — H () is convex. O

Having established that both V(i) and H(p) are geodesically convex, we now conclude that the KL
divergence functional F(u) := KL(ul||l7) is geodesically convex on Ws 4(R?). This is summarized in the

following corollary, which directly follows from Theorems 6.7 and 6.8.

Corollary 6.9. Let m oc exp(—V) be a density, where V : R? — R is a-convex. Then, the KL divergence
functional F := KL(-||7) is a-geodesically conver on Wa 4.(R%).

In practical variational inference settings, we are often interested in minimizing the KL divergence over
a restricted class Q@ C Wa 4.(R9). If this class Q is itself geodesically convex, the geodesic convexity of F

naturally extends to this constrained setting as well.

Corollary 6.10. Let m o exp(—V) be a density with a-convex potential V, and let Q C Wg’ac(Rd) be
geodesically convex. Then, the KL divergence is a-geodesically convex over @, and the solution g* to the VI

problem in (16) is unique.

Furthermore, similarly to what we have used in Corollary 6.6, the fact that a-geodesic convexity implies
that the PL inequality allows us to deduce an exponential convergence rate for the Wasserstein gradient flow

of the KL divergence.

Corollary 6.11. Let m o< exp(—V) be a density on R, where V is a-convez, and let Q C Wa 4.(R?) be

geodesically convex. Then, the Wasserstein gradient flow (q)i>0 of KL(-||7), constrained to lie in Q, satisfies
KL(q||w) — KL(¢"[|7) < ™" (KL(go|lm) — KL(¢"[|7)),
where q* is the minimizer of KL(+||7) in Q.

7 Gaussian Variation Inference via Otto Calculus

In this section, we consider the setting where the variational family ) consists of Gaussian distributions.
This leads to the formulation known as Gaussian Variational Inference (GVI), which we have already in-
troduced in (2). To solve the GVI problem, we follow the Wasserstein gradient flow constrained to the
Bures-Wassersten (BW) space of Gaussian measures. Since the BW space is geodesically convex (Proposi-
tion 5.5), Corollary 6.11 applies.

We aim here to compute the explicit form of the BW gradient of the KL divergence functional. For
F = KL(-||), where m o< exp(—V'), we have

ViF(q) =VV +Vliogq, and V25F(q) = V?*V + V?loggq. (18)

10



Using Theorem 5.4, the BW gradient can be written as:

VewF(q)(z) = (/(v2v+v2 log q) dq> (zfmq)wL/VquJr/Vloquq

= (/chzq—zq1> (x—mq)+/Vqu,

where m, and X, denote the mean and covariance of ¢, respectively.

Setting the BW gradient to zero solves the GVI problem and ensures uniqueness under convexity.

Proposition 7.1. Suppose that m « exp(=V'), where V is a-convex for some a > 0. Then, the unique

minimizer ¢* in (2) is characterized by the conditions
/vv dg, =0 and /v2v dg. =%,
We can now write down the BW gradient flow.
Theorem 7.2. The BW gradient flow of the functional F is the curve (uy = N(my, X¢))e>0, where
1y = —EVOF (1) (Xy), (19)
3 = *EVQ(;F(Ht)(Xt) Yy — X EVQ(SF(Nt)(Xt), (20)
and Xt ~ .

Proof. Based on the Proposition 5.4, the BW gradient flow can be represented as

X = —VpwF(u)(X)
__ < / v25p<ut>dut) R A
my =EX, = — / VOF () dpu,

S = OE((Xy — my)(Xe —my)T)

=E(X¢(X; —mu) ") + E((X; — mt)XtT)

=— </ V25F(ut)dyt> ¥ — X </ V26F(,ut)dut> :

O

We now apply Theorem 7.2 to the GVI problem, by plugging in (18). Note that there is a slight

simplification since the covariance matrix ¥; cancels with the Hessian of the first variation of the entropy.

Theorem 7.3. The BW gradient flow of the functional KL(:||7), where m o< exp(—V'), is the curve (¢ =
N (me, 2y))e>0, where

1y = —EVV(X,),

3 = —EVV(X,)%, — SEV2V(X,) + 21,

and Xy ~ q;.

11
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